In the next proof, we use the Cauchy-Schwartz inequality: for vectors a and b, |a-b| < ||la]| ||b]].
The proof is as follows: Write b = bll® 4+ b1, By the Pythagorean Theorem, ||b||? = ||b/l2||? +-
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[ 2, so [[bl)? > [blle)? = [ 22a)* = (&) lal* = 5 so [b2]al? > (b- a)?, which
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proves the inequality.

Property S3 of the singular value decomposition states that the matrix U of left singular
vectors is column-orthogonal. We now prove that property.

The left singular vectors wq, ..., u, have norm one by construction. We need to show that
they are mutually orthogonal. We prove by induction on k that, for ¢ = 1,2,... k, the vector
u; is orthogonal to w;y1,...,u,. Setting k = r proves the desired result.

By definition of the singular vectors and values,

AV = | oyuy | -+ | Op—1Uk_1 | OpUg | Okp1Uky1 | --0 | OpU;

By the inductive hypothesis, uj is orthogonal to w,...,ur_1. Since up has norm one, uy -
OrUL = Ok. Let

Br+1 = Uk Ukt
Bryz = Uk Uk
ﬂ’l‘ = Uk Up
Then
ufAV=[0 - 0 op Bry1 - B ] (11.1)
Our goal is to show that Sk41,..., 05, are all zero, for this would show that wy is orthogonal to
U415+ -5 Up.
Let w = [ 0 -+ 0 or fBra1 - Br ] Then ||w]|? :ai+ﬁz+1+---+ﬁf. Since V
is column-orthogonal, |[Vw|? = |Jw]|?, so
IVw|® = of + By + -+ 67 (11.2)

Furthermore, since the first k£ — 1 entries of w are zero, the vector Vw is a linear combination of
the remaining r — (k — 1) columns of V. Since the columns of V' are mutually orthogonal, Vw
is orthogonal to vy, ...,vp—1. Let v = Vw/||Vw]||. Then v has norm one and is orthogonal to
v1,...,Vk—1. We will show that if 841, ..., 3, are not all zero then | Av|| > ||Avy||, contradicting
the choice of vy.

By Equation 11.1, (uf AV) - w = o} + 87, + - -+ + 2. By the Cauchy-Schwartz Inequality,
lug - (AVw)| < [Jug| |[AVw]], so, since [Jug| = 1, we infer |[AVw]|| > of + 87, + - + B7.
Combining this inequality with Equation 11.2, we obtain

[AVw| _ of+ B+ 457

[Vwl| — \/0']% +ﬂ]§+1 B2

which is greater than o7 if Bj41,..., 3, are not all zero. This completes the induction step, and
the proof.



